Quantum Cloning is the quintessential no-go theorem of quantum mechanics -possible in the classical world, but impossible to implement perfectly in the quantum world, and reflecting such fundamental properties of the quantum world that it is commonly used as a postulate in information theoretic explorations. Recent progress has enabled the derivation of optimal cloning results when an arbitrary single-qudit pure state is cloned to N imperfect copies, allowing arbitrary asymmetries in the cloning quality. However, this result was achieved using a specific measure of success, the singlecopy fidelity. In this paper, we substantially extend the mathematical formalism in order to handle different quality measures by which collections of qubits are assessed.
Introduction: Ever since the original proofs that an unknown quantum state cannot be perfectly cloned [1] , quantifying how well states can be cloned has proved a challenge. When all the clones are required to be the same quality, the achievable qualities are well understood [2] [3] [4] [5] . This covers the case not only of universal cloning, in which the input state is equally likely to be any pure state, but also state-dependent cloning, of qudits (see [6] and references therein). However, asymmetric cloning, when the clones are permitted to have different qualities, has proven far more challenging. Until recently, studies were limited to very specific cases of, for example 1 → 3 universal cloning of qubits [7, 8] , in which one input copy is converted to 3 output copies of differing qualities. However, [9, 10] have revolutionised this study, calculating the trade-offs in 1 → N universal cloning of qudits [9] , for arbitrary N and local Hilbert space dimension d. In addition, they revealed a more fundamental insight; there is a direct connection between the ability to share correlations between different spins and the quality of clones that can be produced on those spins. These monogamy-type relationships provide widely applicable bounds for the study of strongly correlated quantum systems, elevating interest in asymmetric cloning beyond that of mathematical curiosity to the foundations of a powerful new calculational tool with properties different to those encapsulated by monogamy of the tangle [11, 12] or of Bell tests [13] , with the added benefit that, by knowing the optimal cloning results, these bounds are incredibly stringent.
In this paper, we further develop the tools introduced in [9, 10] . When considering producing N clones of an unknown quantum state, there are many different fidelity measures that one can use to assess success [14] , any of which can yield a new monogamy relation for application in the study of strongly-correlated systems. If the state to be cloned, |ψ produces an output ρ out on the N output qubits, the conventional fidelity measures in the literature have been the global fidelity, Tr(|ψ ψ| ⊗N ρ out ) and the single copy fidelity
However, there is no need to be limited by these. One can consider, for instance, the L-copy fidelity on some particular subset of qubits. These subsets may be specified by a bit string y ∈ {0, 1} N with Hamming weight w y = L. The bits y n = 1 specify the qubits n on which the fidelity is measured:
In principle, we want to consider the trade-offs between fidelities for any set of bit strings Λ ⊆ {0, 1}
N . We use the results of [9, 10] to transform the question Is a given set {F y } y∈Λ of fidelities attainable for M → N universal cloning of qubits?
into one of solving a set of simultaneous quadratic equations. We deem it satisfactory to show that fidelities F y can be achieved for some set withF y ≥ F y . By restricting to M = 1 or M = N − 1, and defining Λ = {y ∈ {0, 1} N : w y = L}, we are able to efficiently solve this question for any finite L. (Evidently, it is generally necessary to verify that all |Λ| fidelities are achieved, which is impractical if L ∼ N for large N .)
To start our study of the universal cloning of qubits, we recall some basic results: 
The optimal cloner is said to be economical (does not require any ancillas in its implementation) if ρ is a pure state.
Proofs, as applied to the case of cloning, may be found in [9, 10] for the case when w y = 1. The generalisation is straightforward. For simplicity, we choose only to evaluate the R y for qubits, although the necessary modifications to deal with qudits with arbitrary Hilbert space dimension d may also be found in [9, 10] . The focus now becomes finding the maximum eigenvector of R, with the Lieb-Mattis theorem coming to our aid. The space of achievable fidelities is convex: if two sets {F y } and {F ′ y } can be achieved thanks to two states ρ and ρ ′ , then any other set {pF y + (1 − p)F ′ y } can be achieved by using the stateρ = pρ + (1 − p)ρ ′ , which satisfies Tr O (ρ) = 1/(M + 1) assuming ρ and ρ ′ did. For universal cloning, the integral for R y is taken uniformly over all possible pure states |ψ . The matrix elements of R y are readily evaluated as
Here, Φ A a denotes the symmetric state of A qubits with a |1 s and A − a |0 s:
All of the matrix elements are positive. Moreover, if we apply the rotation
z are the standard angular momentum operators (the sum for J z is performed over all N + M qubits). This means that the matrix R divides into a series of subspaces governed by the quantum numbers
Theorem 2 (Lieb-Mattis Theorem). The maximum eigenvector of R is found in the
The proof is standard [10, 15] . Furthermore, the only states with support on R are in the symmetric subspace of the input space I. The intersection of these two subspaces has dimension N M and is spanned by the (nonorthogonal) states
. q is an arbitrary integer in the range 0 to 2S (corresponding to the subspace S z = q − S). Hence, the maximum eigenvector of R can be written as
Linear Algebra Formulation: We now aim to develop conditions on the β x which may be concisely expressed, and without explicit reference to the basis states.
See the Appendix for a proof. Normalisation of the state imposes Ψ q |Ψ q = 1:
A similar calculation to that which proves Lemma 1 demonstrates that
satisfies Tr O ρ = 1/(M + 1), i.e. the upper bound on the fidelity can always be achieved, although we make no consideration of economy of implementation here.
Returning to the calculation of the fidelities F y , it is proven in the Appendix that Lemma 2. For any x, y, z ∈ {0, 1} N with w x = w z = M and w y = L, if Γ(x, y, z) = #{n : y n = 1, x n = z n = 0}, then
It follows directly that
which is better expressed as
where
subject to the normalisation condition β T P 0 β = 1. Thus, the universal cloning problem may be expressed as Given a set {F y } y∈Λ , does there exist a vector β ∈ R ( N M ) such that F y ≤ β T P y β, and
This is a non-convex quadratically constrained quadratic problem (all the matrices P y are nonnegative, but the inequality is in the opposite direction on the normalisation condition), meaning that it is not immediate that there exists a computationally efficient solution. We will now examine some special cases in which progress can be made.
The case of M = N − 1 transpires to be the easiest, and hence the most appropriate starting point. We start by solving the case of L = 1 (i.e. the single-copy fidelity), which was previously studied in [10] , and consider only optimal cloning, in which the inequalities are replaced by equalities. Writing P n in place of P y , where n is the unique value such that y n = 1, one can easily verify that P 0 − P n = 1 2 |n n| , immediately yielding the corresponding β n ,
Substituting this into the normalisation condition
Given the desired single-qubit fidelities, we can determine if cloning is possible. What if we're given other fidelities? It turns out that P y = n:yn=1 P n − (w y − 1)P 0 for any y ∈ {0, 1}
N . As such, we know that for the optimal solution
where F is the vector of single-copy fidelities. Given an arbitrary set of fidelities, we just have to find the set {F n } that solves
Cloning is possible if and only if this value is ≤ N − 1. By introducing variables x n = 1 − F n for n = 1 . . . N , this can be recast as
The constraints are clearly convex, as is the n x n . Furthermore, we recognise n √ x n 2 as a p-norm where
. Since all the x n are non-negative, this function is concave on the relevant domain. Therefore the problem is one of convex optimisation, which can be efficiently solved by interior point methods [16] . The cloning problem can be resolved if M = N − 1 for any set Λ.
1 → N cloning: The key to solving N − 1 → N cloning was to find rank-1 linear combinations of the matrices P y and P 0 . Using these linear combinations allows one to reduce the quadratic constraints to linear ones. Our strategy for 1 → N cloning is similar, although the connection between the single-copy and L-copy fidelities is less direct. 
Proof. This is an exercise in solving linear equations to find a, b, c. There are 4 different matrix elements in P n (we take k = m = n):
The precise forms of a, b and c are unwieldy and uninformative but, for example, a =
, enabling simultaneous solution for the β n . Indeed, by summing them all, this gives
With the β n in place, we simply have to verify if all the cloning fidelities, and the normalisation condition, are satisfied. For L = 1, there are no outstanding quadratic conditions aside from normalisation, and the results of [9] are recovered. An equivalent, yet novel, necessary and sufficient condition can be written down for
constraints, selecting the β n in this way only guarantee that N of them are satisfied; we just have to hope that the rest work! Consistency Relations: This situation can be improved by verifying the existence of consistency conditions between the fidelities. These will yield further linear relations that can be incorporated into the initial solution, meaning that there will only be Proof. We need to calculate both the diagonal
and off-diagonal, n| y∈Λ v y P y |m : Any optimal set of fidelities {F y }, expressed as a vector F , must satisfy v · F = 0 for any v ∈ Ker(X), which yields N L − N 2 independent conditions. We can therefore formulate our best solution to the cloning problem as a convex optimisation problem [16] to minimise
ãLF n +bq + cL 2 subject to the constraints
This is a necessary condition for cloning -if the result is greater than 2L(1 − γ) 2 − cLN , cloning is impossible. If there is a satisfying assignment, then the β n need to be derived so that the remaining conditions, specified as Conclusions: This paper has demonstrated strong necessary conditions for a given set of fidelities to be achievable in 1 → N and N − 1 → N universal qubit cloning. These conditions are useful for bounding many-body correlations in a quantum system. For N − 1 → N cloning, the conditions are also necessary.
For the future, the extent to which these techniques may be applied to other M → N cloners is of interest. There appear to be max(0, N L − N 2M ) consistency relations but, in general, there do not exist linear combinations of the P y that yield a rank 1 matrix (except where the single non-zero eigenvector is the all-ones vector). As such, it is not possible to reduce the quadratic constraints to linear ones. We conjecture that, in such cases, the cloning problem is NP-complete to resolve. Noting that M − b ≥ M − Γ 011 ≥ x · y (the last inequality follows from the fact that for fixed x and y, Γ 011 is maximised for x = z, and thus Γ 011 ≤ x ·ȳ), we can replace the limits of the r and s sums with The sum over b can now be evaluated, followed by r and s to give the final answer
which might equally be rewritten as
.
